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Unit 2: Logic and Fuzzy Systems
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2.7Rank ordering
2.8Definitions
2.9Batch Least Squares Algorithm
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2.6 Inference

4

Fuzzy inference is the process of deriving output fuzzy values from input 
fuzzy values using fuzzy rules.

A fuzzy rule is usually written as:

IF condition THEN conclusion

Example:

IF temperature is hot THEN fan speed is high.
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2.6 Inference: Common Fuzzy Operators

5

1. Fuzzy AND
Usually represented by minimum:

Alternative product form:

2. Fuzzy OR
Usually represented by maximum:

3. Fuzzy NOT
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2.6 Inference: Mamdani Inference Method

6

The Mamdani method is 
one of the most common 
fuzzy inference methods.

Steps:

1.Fuzzify inputs

2.Apply fuzzy rules

3.Combine rule outputs

4.Defuzzify output

Example
Rules:

Rule 1: IF temperature is hot THEN fan 

speed is high.

Rule 2: IF temperature is warm THEN fan 

speed is medium.

Suppose:

Then:

•Rule 1 fires with strength 0.7

•Rule 2 fires with strength 0.4

and
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2.6 Inference: Defuzzification

7

Defuzzification converts fuzzy 
output into a crisp value.

Centroid Method
The centroid method is the most 
commonly used method.

For discrete values:

Worked Example
Given output values: Fan Speed 𝑧𝑖 Membership 𝜇(𝑧𝑖)

30 0.2

60 0.5

90 0.8

Find crisp output.

Therefore:   Fan speed = 72 rpm
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2.7 Rank ordering

8

Rank ordering is the process 
of arranging fuzzy alternatives 
according to their importance, 
preference, or score.

It is useful in decision-making problems.

Example Applications
•Selecting best supplier

•Ranking job candidates

•Choosing best project

•Medical diagnosis

•Risk analysis

Simple Ranking Method

If alternatives have fuzzy scores, we can rank them using 
average or weighted score.

Suppose:

Alternative Membership Score

A 0.75

B 0.60

C 0.90

Ranking:

C > A > B

because:  0.90 > 0.75 > 0.60
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2.7 Rank ordering: Weighted Rank Ordering

9

Weighted Rank Ordering
If criteria have different importance, use:

where:

•𝑆𝑖 = score of alternative i

•𝑤𝑗 = weight of criterion j

•rij = rating of alternative i under criterion j

Worked Example
Three students are evaluated using two criteria:

Student Knowledge Communication

A 0.8 0.6

B 0.7 0.9

C 0.9 0.5

Weights: Criterion Weight

Knowledge 0.6

Communication 0.4
Scores:

For A:  𝑆𝐴 =0.6(0.8)+0.4(0.6) =0.48+0.24  =0.72  

For B: 𝑆𝐵- =0.6(0.7)+0.4(0.9) =0.42+0.36  =0.78

For C: 𝑆C = 0.6(0.9)+0.4(0.5) =0.54+0.20  =0.74

Ranking:  B > C > A
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2.8 Definitions

10

1. Universe of Discourse

The complete range of possible values for a variable.

Example: For temperature:  𝑋=[0,50]

2. Fuzzy Set

A set in which each element has a degree of 
membership between 0 and 1.

3. Membership Function

A function that assigns membership value to each element.

𝜇𝐴(𝑥) : 𝑋→[0,1]

4. Linguistic Variable

A variable whose values are words instead of numbers.

Example:  Temperature = low, medium, high

6. Fuzzy Rule

A rule written using linguistic terms.

Example:    IF speed is high THEN brake 
pressure is strong.

7. Fuzzification

Conversion of crisp values into fuzzy values.

8. Defuzzification

Conversion of fuzzy output into crisp output.

5. Fuzzy Relation

A fuzzy relation represents the degree of relationship 
between elements of two sets. 𝑅={((𝑥,𝑦),𝜇𝑅(𝑥,𝑦))}

9. Normal Fuzzy Set

A fuzzy set is normal if at least one element has 
membership value 1.             max𝑥𝜇𝐴(𝑥)=1

10. Convex Fuzzy Set

A fuzzy set is convex if all membership values between two 
points are not less than the minimum of those two 
membership values.  (where 0 ≤ 𝜆 ≤1 )
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2.9 Batch Least Squares Algorithm

11

Purpose
The Batch Least Squares Algorithm is used to estimate 
unknown parameters of a model using all available data 
at once.

It is commonly used in fuzzy systems to tune parameters.

Model Form
Assume a linear model:   

  𝑦 = 𝜃1𝑥1 + 𝜃2𝑥2 + ⋯ + 𝜃𝑛𝑥𝑛

In matrix form:   

  𝑌=𝑋𝜃+𝑒

 where:
𝑌 = output vector
𝑋 = input data matrix
𝜃 = parameter vector
𝑒 = error vector

Least Squares Objective
Minimize the sum of squared errors:

Solution

Algorithm Steps
1. Collect all input-output data.
2. Form matrix X and vector Y.
3. Compute 𝑋𝑇𝑋.
4. Compute inverse of 𝑋𝑇𝑋.
5. Calculate parameter vector 𝜃.
6. Use model for prediction.
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2.9 Batch Least Squares Algorithm: Worked Example

12

Given data: x y

1 2

2 4

3 6

Assume model:  𝑦 = 𝜃𝑥

Then:

Formula:

Calculate:

So:   𝑦 = 2𝑥
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2.9 Batch Least Squares Algorithm: Python Code

13
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2.10 Recursive Least Squares Algorithm

14

Purpose
The Recursive Least Squares, or RLS, algorithm updates model parameters 
whenever new data arrives.

Unlike batch least squares, it does not need all data at once.

Why RLS is Useful
RLS is useful when:

•Data arrives continuously

•Online learning is required

•The system changes with time

•Memory is limited
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2.10 Recursive Least Squares Algorithm
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Model
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2.10 Recursive Least Squares Algorithm : RLS Equations

16

Prediction Error

Gain Vector

Parameter Update

Covariance Update
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2.10 Recursive Least Squares Algorithm: Algorithm Steps

17
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2.10 Recursive Least Squares Algorithm: Python Code
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Lecture 6

19

2.11 Gradient Method
2.12 Learning From Example
2.13 Modified Learning From Example
2.14 Problems on logic and fuzzy systems
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Unit 2: Logic and Fuzzy Systems
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Lecture 05 Topics

2.6Inference
2.7Rank ordering
2.8Definitions
2.9Batch Least Squares Algorithm

2.10Recursive Least Squares Algorithm
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